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Abstract
The geometry of the target space of an N = (2, 2) supersymmetry sigma-model carries a
generalized Ka¨hler structure. There always exists a real function, the generalized Ka¨hler
potential K, that encodes all the relevant local differential geometry data: the metric, the
B-field, etc. Generically this data is given by nonlinear functions of the second derivatives
of K. We show that, at least locally, the nonlinearity on any generalized Ka¨hler manifold
can be explained as arising from a quotient of a space without this nonlinearity.
1 Introduction
This paper is an elaboration and continuation of our previous paper [12], where we proved
the existence of the generalized Ka¨hler potential K and solved the problem of N = (2, 2)
off-shell supersymmetry for sigma-models. For a generic generalized Ka¨hler manifold,
all geometrical data such as the metric g, the B-field and the complex structures are
expressible in terms of derivatives of K. In the generic case K enters nonlinearily. In
the present article we show that this nonlinearity arises from a quotient construction.
Indeed, locally, any generalized Ka¨hler manifold may be thought of as a quotient of another
generalized Ka¨hler manifold with very special properties.
At the level of the N = (2, 2) sigma-models our idea is simple: If the model contains
only (anti)chiral and twisted (anti)chiral superfields, the left and right complex structures
commute, and all geometrical data on the target space is expressed linearly in terms of the
generalized Ka¨hler potential. We call such target spaces bihermitian local product spaces
(BiLPs). All nonlinearity is related to the semichiral fields. We show that by gauging
certain symmetries, an appropriate combination of chiral and twisted chiral fields may be
traded for semichiral fields. Thus any N = (2, 2) sigma-model can be understood as a
quotient of an N = (2, 2) sigma-model containing only chiral and twisted chiral fields,
i.e., defined over a specific BiLP space (the auxiliary local product or ALP space). In this
paper we describe the properties of the ALP space and present the details of the quotient.
We attempt to present the natural sigma-model construction in geometrical terms.
Mathematically we can formulate our results as follows: Locally, for any generalized
Ka¨hler manifold M we consider an auxiliary space M × C2ds , where 2ds is the dimension
of the cokernel of the commutator of the left and right complex structures on M . This
auxiliary space is also a generalized Ka¨hler manifold but with the additional property
that the two complex structures commute. The fiber C2ds is spanned by those vectors
that respect the underlying generalized Ka¨hler geometry. All structures on M can be
understood via the quotient construction described in this paper.
The paper is organized as follows. In Section 2 we review the basic definitions and
properties of generalized Ka¨hler geometry. In particular we discuss the special class of
these geometries where the generalized Ka¨hler potential enters linearly. Section 3 recasts
the geometry in terms of N = (2, 2) sigma-models and sets up the notation for further
discussion. Section 4 presents the central idea of this paper at the level of N = (2, 2)
sigma-models, namely, we show that any model with semichiral fields can be thought of
as a quotient of a model that contains only chiral and twisted chiral fields. The remaining
Sections are devoted to the geometrical explanation of this statement. Section 5 describes
ALPs (auxiliary local product spaces), which are built over any generalized Kahler man-
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ifold as a principal bundle with a free action of abelian isometries. Section 6 presents
various quotient constructions used in the context of sigma-models; in particular, we ex-
plain how to perform the quotient on the ALPs. Section 7 contains some speculations
about the possibility of a global version of the quotient. Section 8 includes a summary
of the results and some open problems. We also include three appendices in which we
discuss possible potentials on generalized Ka¨hler manifolds, properties of the ALP space
generalized Ka¨hler potential, and the explicit calculations of the quotient data.
2 Generalized Ka¨hler geometry
In this section, we present some geometrical background; we mostly review well-known
facts, but present some new observations as well.
2.1 General definition and properties
The definition of (twisted) generalized Ka¨hler geometry originates in the study of the
general N = (2, 2) supersymmetric sigma-models [3], although the name and the renewed
interest is due to recent work of Gualtieri [5].
We define (twisted) generalized Ka¨hler geometry1 (M,J+, J−, g, H) as the following
data on a smooth manifold M : J± are two complex structures and g is a metric which is
bihermitian
J t±gJ± = g . (2.1)
Moreover the complex structures J± are covariantly constant
∇(±)J± = 0 (2.2)
with respect to the connections with torsion
Γ± = Γ± g−1H , (2.3)
where Γ is the Levi-Civita connection andH is a closed three-from. The name “generalized
Ka¨hler geometry” is motivated by the fact that when J+ = ±J− we recover standard
Ka¨hler geometry.
Alternatively, we can define a generalized Ka¨hler geometry (M,J+, J−, g) as two com-
plex structures J± with a bihermitian metric g (2.1) and the integrability conditions
dc+ω+ + d
c
−ω− = 0 , dd
c
±ω± = 0 , (2.4)
1Motivated by generalized complex geometry, typically the word “twisted” is added when H 6= 0. Here
we omit “twisted” and assume that H 6= 0 unless otherwise stated.
2
where ω± ≡ gJ± and dc± are the i(∂¯ − ∂) operators associated to the complex structures
J±. The corresponding closed three-form that gives the torsion in the connections (2.3) is
defined as
H = dc+ω+ = −d
c
−ω− , (2.5)
and is not an independent geometrical datum.
The generalized Ka¨hler manifold (M,J+, J−, g) admits three different Poisson struc-
tures: two real Poisson structures π± = (J+ ± J−)g−1 [13] and the holomorphic Poisson
structure σ = [J+, J−]g
−1 [7] with the following obvious relation between the kernels
ker σ = ker π+ ⊕ ker π− . (2.6)
We call x0 ∈ M a regular point of the generalized Ka¨hler manifold if the ranks of π± do
not vary in an open neighborhood of x0. All other points of M are called singular points.
The set of regular points of M is obviously open and is dense in M . If all points of M are
regular we call such an M a regular generalized Ka¨hler manifold.
Theorem 1 A generalized Ka¨hler manifold with H = 0 is regular.
Proof: This follows immediately from Theorem 2.20 in [18] and the fact that when
H = 0, the Poisson structures π± are covariantly constant with respect to the Levi-Civita
connection. 
In the general case, in a neighborhood of a regular point we can introduce coordi-
nates along the symplectic foliations of π± and σ; see [12] for more details. These local
coordinates are adapted to the following decomposition
ker(J+ − J−)⊕ ker(J+ + J−)⊕ coker[J+, J−] , (2.7)
where (the real) dim(coker[J+, J−]) is a multiple of four, as it corresponds to a symplectic
leaf of the holomorphic Poisson structure σ, and dim(ker(J+ ± J−)) is a multiple of two.
The generalized Ka¨hler geometry can be nicely described in the context of the gener-
alized geometric structures introduced by Hitchin [6]: a generalized Ka¨hler geometry is a
pair of commuting (twisted) generalized complex structures J1,2 such that their product
induces a definite metric on TM ⊕ T ∗M . The equivalence of this definition with the one
presented before was proven in [5]; see [1] for an alternative explanation of this result
via sigma-models. The following relation holds between the type of (twisted) generalized
complex structures (see [5] for the definition) and kernels of π±,
type(J1,2) =
1
2
dim(ker π±) =
1
2
dim(ker(J+ ± J−)) . (2.8)
Therefore a regular generalized Ka¨hler manifold can be defined as one where the type of
J1,2 is constant, i.e., no change in type occurs, and hence all untwisted generalized Ka¨hler
manifolds with H = 0 are regular (see the theorem above).
3
2.2 The generalized Ka¨hler potential
In this subsection we review the arguments from [12] concerning the existence of a gener-
alized Ka¨hler potential. We also comment on symmetries of K.
Consider a neighborhood of a regular point x0 of a generalized Ka¨hler manifold and
choose local coordinates adapted to the symplectic foliation of σ. We can choose coordi-
nates {q, p, z, z′} in which J+ has the canonical form
J+ =


Js 0 0 0
0 Js 0 0
0 0 Jc 0
0 0 0 Jt

 , (2.9)
where a collective notation is used in the matrices, and where Jc, Jt, and Js are 2dc, 2dt,
and 2ds dimensional canonical complex structures of the form
J =
(
i 0
0 −i
)
. (2.10)
The coordinates z and z′ parametrize the kernels of π∓ respectively, and {q, p} are the
Darboux coordinates for a symplectic leaf of σ. The subscript “c” (chiral) corresponds to
the coordinates along the kernel of π−, the subscript “t” (twisted chiral) corresponds to
the coordinates along the kernel of π+ and “s” (semichiral) denotes the coordinates along
the leaf of σ.
Alternatively we can choose the coordinates {Q,P, z, z′} in which J− has a canonical
form
J− =


Js 0 0 0
0 Js 0 0
0 0 Jc 0
0 0 0 −Jt

 . (2.11)
Again (Q,P ) are the Darboux coordinates on a leaf of σ.
The coordinates {q, p} are related to {Q,P} by a canonical transformation and we
may thus introduce the corresponding generating function. Choosing new coordinates
{q, P} along a leaf in a neighborhood of x0, there exists a family of generating functions
K(q, P, z, z′) such that
p =
∂K
∂q
, Q =
∂K
∂P
(2.12)
is satisfied. So far K(q, P, z, z′) is defined up to the addition of an arbitrary function
F (z, z′), which will be partially fixed later on. We can also shift K by a J+-holomorphic
function f(q, z, z′) plus its complex conjugate function, as this just gives a J+-holomorphic
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redefinition of the complex coordinates {q, p, z, z′}. Analogously we can shift K by a J−-
holomorphic function g(P, z, z′) plus its complex conjugate; this preserves J−. Thus these
additional shifts are also natural symmetries of our problem.
Moreover, since K is a generating function, it is natural to consider its Legendre trans-
forms. For example, if we would like to switch from {q, P, z, z′} to {p,Q, z, z′}, then the
corresponding generating function K˜(p,Q, z, z′) is a Legendre transform2 of K(q, P, z, z′)
K˜ = K − pq −QP (2.13)
with (2.12) taken into account. Similar constructions relate the other possible generating
functions.
Next, using (2.12), we can perform a coordinate transformations from {q, p, z, z′} to
{q, P, z, z′} and calculate J+
J+ =


Js 0 0 0
K−1RLCLL K
−1
RLJsKLR K
−1
RLCLc K
−1
RLCLt
0 0 Jc 0
0 0 0 Jt

 . (2.14)
The subscript “L” stands for q, subscript “R” stands for P , the subscript c for z and the
subscript t is for z′. KLR, CLL and ALL, etc., are included in the set of submatrices defined
by
KLR ≡
(
Kab′ Kab¯′
Ka¯b′ Ka¯b¯′
)
KLL ≡
(
Kab Kab¯
Ka¯b Ka¯b¯
)
, (2.15)
and similarily for KRR, as well as
C ≡ JK −KJ =
(
0 2iK
−2iK 0
)
,
A ≡ JK +KJ =
(
2iK 0
0 −2iK
)
, (2.16)
where the different possible subscripts have been suppressed. In (2.15) we use the notation
Kab ≡ ∂a∂bK, etc., and define K
−1
LR ≡ (KRL)
−1.
Analogously, using (2.12), we can perform the coordinate transformations from {Q,P, z, z′}
2This Legendre transform exists if {p,Q, z, z′} are good coordinates around x0.
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to {q, P, z, z′} and calculate J−. The result is
J− =


K−1LRJsKRL K
−1
LRCRR −K
−1
LRCRc K
−1
LRARt
0 −Js 0 0
0 0 Jc 0
0 0 0 −Jt

 . (2.17)
We now turn to the remaining data in our model: the metric g and the closed three-
form H . The latter may be locally expressed in terms of a two-form B such that H = dB.
It is then convenient to define E ≡ 1
2
(g +B).
If σ ≡ [J+, J−]g−1 is invertible, E = J+J−σ−1; more generally, equations (2.4) and
(2.5) provide differential equations for g and B which may be solved knowing J± and
remembering that ω± ≡ gJ±. The solution may again be expressed in terms of the
submatrices introduced in (2.15) and (2.16). The solution is [12]
ELL = CLLK
−1
LRJsKRL
ELR = JsKLRJs + CLLK
−1
LRCRR
ELc = KLc + JsKLcJc + CLLK
−1
LRCRc
ELt = −KLt − JsKLtJt + CLLK
−1
LRARt
ERL = −KRLJsK
−1
LRJsKRL
ERR = −KRLJsK
−1
LRCRR
ERc = KRc −KRLJsK
−1
LRCRc
ERt = −KRt −KRLJsK
−1
LRARt
EcL = CcLK
−1
LRJsKRL
EcR = JcKcRJs + CcLK
−1
LRCRR
Ecc = Kcc + JcKccJc + CcLK
−1
LRCRc
Ect = −Kct − JcKctJt + CcLK
−1
LRARt
EtL = CtLK
−1
LRJsKRL
EtR = JtKtRJs + CtLK
−1
LRCRR
Etc = Ktc + JtKtcJc + CtLK
−1
LRCRc
Ett = −Ktt − JtKttJt + CtLK
−1
LRARt (2.18)
Thus we have locally expressed the generalized Ka¨hler geometry in terms of a single
function K, the generalized Ka¨hler potential. This potential is not uniquely defined, as
follows from our previous discussion: It can be Legendre transformed and shifted by (the
real part of) a J±-holomorphic function.
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2.3 Bihermitian local product geometry
In this subsection we draw attention to a special subset of generalized Ka¨hler manifolds.
We refer to a generalized Ka¨hler geometry with the additional property [J+, J−] = 0 as a
bihermitian local product (BiLP) geometry. For BiLP geometries, g and H are linear in
the generalized Ka¨hler potential.
Equivalently, in the context of generalized geometry, we can define BiLP geometry as
a generalized Ka¨hler geometry with the addditional condition
type(J1) + type(J2) =
1
2
dimM , (2.19)
where dimM is the real dimension of M . The BiLP manifolds are examples of regular
generalized Ka¨hler manifolds.3
Many important properties of BiLP geometry were already pointed out in [3]. In par-
ticular, there exists a local product structure Π = J+J−, which induces a decomposition of
TM into ±1-eigenspaces. This decomposition into ±1-pieces carries over to the differential
forms
Ω(M) =
⊕
l+m=d
Ωl,m(M) . (2.20)
Furthermore there is a compatible decomposition with respect to J+, i.e., each ±1 piece
decomposes into holomorphic and antiholomorphic pieces correspondingly. Thus we have
the following decomposition of the differential forms
Ω(M) =
⊕
p+q+n+r=d
Ωp,q,n,r(M) . (2.21)
This decomposition gives rise to a decomposition of the exterior derivative
d = ∂φ + ∂¯φ + ∂χ + ∂¯χ (2.22)
in terms of four mutually anti-commuting differentials. Thus (φ, χ) are J+-holomorphic
coordinates, z ≡ (φ, φ¯) parametrize ker(J+−J−), and z′ ≡ (χ, χ¯) parametrize ker(J++J−).
Now we can solve the conditions (2.4) locally. The condition (2.5) becomes
H = i(∂¯φ + ∂¯χ − ∂φ − ∂χ)ω+ = −i(∂¯φ + ∂χ − ∂φ − ∂¯χ)ω− , (2.23)
which implies
∂φ(ω++ω−) = 0 , ∂¯φ(ω++ω−) = 0 , ∂χ(ω+−ω−) = 0 , ∂¯χ(ω+−ω−) = 0 . (2.24)
3A global example of a BiLP structure can be found on the group manifold SU(2)×U(1); see [14, 15].
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These equations can be solved locally in terms of two real functions K1(φ, φ¯, χ, χ¯) and
K2(φ, φ¯, χ, χ¯)
ω+ = i∂φ∂¯φK1 + i∂χ∂¯χK2 , ω− = i∂φ∂¯φK1 − i∂χ∂¯χK2 . (2.25)
However, from (2.23) and dH = 0 these two functions are related by
∂φ∂¯φ∂χ∂¯χK1 + ∂φ∂¯φ∂χ∂¯χK2 = 0 (2.26)
and therefore their sum can be written in the form
K1 +K2 = f(φ, φ¯, χ) + f¯(φ¯, φ, χ¯) + g(φ, χ, χ¯) + g¯(φ¯, χ¯, χ) . (2.27)
Thus we may define a single function K such that
K1 = K + g(φ, χ, χ¯) + g¯(φ¯, χ¯, χ), K2 = −K + f(φ, φ¯, χ) + f¯(φ¯, φ, χ¯) . (2.28)
This implies that we may write ω± as
ω+ = i∂φ∂¯φK − i∂χ∂¯χK, ω− = i∂φ∂¯φK + i∂χ∂¯χK . (2.29)
Using the canonical form J± we define the metric g via
ω± = gJ± . (2.30)
Finally, H is given by
H = −∂¯χ∂φ∂¯φK + ∂χ∂φ∂¯φK + ∂¯φ∂χ∂¯χK − i∂φ∂χ∂¯χK . (2.31)
Locally we have H = dB and thus a possible representation of B is
B = ∂¯φ∂χK − ∂¯χ∂φK. (2.32)
Hence, we have shown that all main objects are expressed locally in terms of second and
third derivatives of a single real function K. The function K is well-defined modulo the
addition of a function
Λ(φ, χ) + Λ¯(φ¯, χ¯) + L(φ, χ¯) + L¯(φ¯, χ) . (2.33)
We would like to stress again that K enters linearily in all formulas and that this is an
essential feature of the BiLP geometry.
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3 N = (2, 2) supersymmetric sigma-models
In this Section we translate the properties of generalized Ka¨hler geometry into sigma-
model language. We start from the general N = (1, 1) sigma-model written in terms of
N = (1, 1) superfields
S =
∫
Σ
d2σ d2θ D+Φ
µD−Φ
νEµν(Φ) , (3.34)
where E = 1
2
(g+B) withH = dB. Requiring the existence of an additional supersymmetry
transformations of the form [3]
δ2(ǫ)Φ
µ = ǫ+D+Φ
νJµ+ν(Φ) + ǫ
−D−Φ
νJµ−ν(Φ) , (3.35)
we find that the target space must have generalized Ka¨hler geometry.
Next we introduce the N = (2, 2) superfields needed for a complete description of the
N = (2, 2) sigma-model in (2, 2) superspace. We work in the coordinates adapted to the
decomposition (2.7):
• ker(J+ − J−)
These directions are parametrized by chiral φ and antichiral φ¯ fields defines as
D¯±φ = D±φ¯ = 0 . (3.36)
• ker(J+ + J−)
These directions are parametrized by twisted chiral χ and twisted antichiral χ¯ fields defined
as
D¯+χ = D−χ = D+χ¯ = D¯−χ¯ = 0 . (3.37)
• coker[J+, J−]
These directions are parametrized by left semichiral XL and left anti-semichiral fields X¯L
D¯+XL = D+X¯L = 0 , (3.38)
and right semichiral XR and right anti-semichiral fields X¯R
D¯−XR = D−X¯R = 0 . (3.39)
Here D is the N = (2, 2) covariant derivative and we follow the notation in [12]. The
chiral and twisted chiral superfields were studied in [3]. The semichiral superfields were
introduced in [2]. In [12] we have proven that these superfields provide a full description
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of the general N = (2, 2) sigma-model. The most general sigma-model action is specified
by a real function K
S =
∫
d2σd4θ K(φ, φ¯, χ, χ¯,XL, X¯L,XR, X¯R) . (3.40)
From a geometrical point of view, the function K is precisely the generalized Ka¨hler
potential that we discussed in the previous section.
The potential K is not uniquely defined: it can be shifted by the following combination
f(φ, χ,XL) + g(φ, χ¯,XR) + f¯(φ¯, χ¯, X¯L) + g¯(φ¯, χ, X¯R) , (3.41)
which changes the action (3.40) at most by total derivatives. We refer to this shift as a
“generalized Ka¨hler gauge transformation”. The geometrical interpretation of (3.41) was
given in the previous Section, see the discussion after (2.12). We identify (XL, X¯L) with
the coordinates q and (XR, X¯R) with the coordinates P .
Furthermore, we can perform a Legendre transform along coker([J+, J−]), i.e., along
the semichiral directions [4]. Starting from a parent action∫
d2σd4θ
(
K(φ, φ¯, χ, χ¯, U, U¯, V, V¯ )− XLU − X¯LU¯ − XRV − X¯RV¯
)
, (3.42)
where U and V are unrestricted superfields, we may choose to integrate out semichiral
superfields XL and XR, which restricts U = UL to be left semichiral and V = VR to be right
semichiral. The resulting semichiral action is K(φ, φ¯, χ, χ¯, UL, U¯L, VR, V¯R). Integrating out
U and V instead, we solve the system
XL = KU X¯L = KU¯
XR = KV X¯R = KV¯ , (3.43)
to get U = U(φ, φ¯, χ, χ¯,XL, X¯L,XR, X¯R), etc. Substituting the solution into (3.42) yields
the Legendre transformed action K˜(φ, φ¯, χ, χ¯,XL, X¯L,XR, X¯R). Similarily, integrating out
XL and V yields a third dual K and integrating out XR and U yields a fourth. These
symmetries are directly related to the fact that K has an interpretation as a generat-
ing function and therefore the Legendre transform corresponds to switching to different
generating function as described in subsection 2.2.
To extract g and B from (3.40) we need to integrate out some of the Fermi-coordinates
θ and get rid of auxiliary fields and thus arrive at the N = (1, 1) action (3.34). We
introduce some notation which we use throughout the rest of the paper. The superfields
carry indices of the following kind and range;
φα, φ¯α¯ , α = 1 . . . dc , χ
α′ , χ¯α¯
′
, α′ = 1 . . . dt ,
X
a
L, X¯
a¯
L , a = 1 . . . ds , X
a′
R , X¯
a¯′
R , a
′ = 1 . . . ds . (3.44)
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We also use the collective notation A ≡ (α, α¯), A′ ≡ (α′, α¯′), A ≡ (a, a¯) and A′ ≡ (a′, a¯′).
To reduce the N = (2, 2) action to its N = (1, 1) form, we introduce the N = (1, 1)
superspace derivatives D and extra supercharges Q [3]:
D± = D± + D¯± , Q± = i(D± − D¯±) . (3.45)
In terms of these, the (anti)chiral, twisted (anti)chiral and semi (anti)chiral superfields
satisfy
Q±φ = JcD±φ , Q±χ = ±JtD±χ ,
Q+XL = JsD+XL , Q−XR = JsD−XR . (3.46)
For the pair (φ, χ) we use the same letters to denote the N = (1, 1) superfields, i.e.,
the lowest components of the N = (2, 2) superfields (φ, χ). Each of the semi (anti)chiral
fields gives rise to two N = (1, 1) fields [2]:
XL ≡ XL| ΨL− ≡ Q−XL|
XR ≡ XR| ΨR+ ≡ Q+XR| , (3.47)
where a vertical bar means that we take the θ2 ∝ θ − θ¯ independent component. The
conditions (3.46) then also imply
Q+ΨL− = JsD+ΨL− , Q−ΨL− = i∂=XL
Q−ΨR+ = JsD−ΨR+ , Q+ΨR+ = i∂++XR . (3.48)
Using the relations (3.45)-(3.48) we reduce the N = (2, 2) action to its N = (1, 1) form
according to:∫
d2σd2θd2θ¯ K(φA, χA
′
,XAL ,X
A′
R )| =
∫
d2σD2D¯2K| = −
i
4
∫
d2σD2Q+Q−K| . (3.49)
Provided that the matrix KLR (2.15) is invertible, the auxiliary spinors ΨL−,ΨR+ may be
integrated out leaving us with a N = (1, 1) second order sigma-model action of the type
originally discussed in [3]. From this the metric and antisymmetric B-field may be read off
in terms of derivatives of K, and from the form of the second supersymmetry (3.46-3.48)
the complex structures J± are determined. We shall use a basis where the coordinates are
arranged in a column as 

XAL
XA
′
R
φA
χA
′

 . (3.50)
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when we compute the N = (1, 1) Lagrangian; the sum E = 1
2
(g +B) of the metric g and
B-field then takes on the explicit form (2.18) [17].
It is interesting that there are no corrections from chiral and twisted chiral fields in
the semichiral sector (where the results agree with [2] and [11]), whereas in the chiral and
twisted chiral sector the semichiral fields contribute substantially.
Thus, locally, all objects (J±, g, B) are given in terms of second derivatives of a
single real function K. By construction, the present geometry is generalized Ka¨hler, and
therefore satisfies all the relations from the previous section.
In addition we can add to (3.34) the potential term
∫
d2σd2θ W (Φ) and ask about
the most general N = (2, 2) Landau-Ginzburg model. We present the detailed analysis in
Appendix A. The upshot is that the only allowed terms one can add to (3.40) are∫
d2σ dθ+dθ−W(φ) +
∫
d2σ dθ+dθ¯−W˜(χ) + c.c . (3.51)
and no potential is allowed in semichiral directions.
4 Linearization
As we have stressed a few times, the general expression (2.18) for E is nonlinear. However,
a superficial look at (2.18) suggests that nonlinearity is of the quotient type. This is the
main point of our paper: any generalized Ka¨hler data comes from a quotient of a BiLP
geometry with respect to a set of abelian isometries.
We start by presenting an N = (2, 2) sigma-model argument. At this level the quotient
idea is almost obvious. Consider the action∫
d2σd4θ K(φ, φ¯, χ, χ¯, φL + χL, φ¯L + χ¯L, φR + χ¯R, φ¯R + χR) , (4.52)
where we have taken the action (3.40) and replaced the semichiral entries by the combina-
tions of new chiral and twisted chiral fields: φL, φR, χL and χR. Thus the theory (4.52) is
defined over a manifold with a dimension (dimM + dim(coker[J+, J−])). Since the action
(4.52) depends only on chiral and twisted chiral superfields, the target geometry is of the
BiLP type. The action (4.52) has the following complex symmetries
δφL = λL , δχL = −λL , δφR = λR , δχR = −λ¯R . (4.53)
The parameters satisfy
D¯±λL = 0 , D−λL = 0 , D¯±λR = 0 , D+λR = 0 ,
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and thus they correspond to Kac-Moody symmetries, i.e., ∂=λL = 0 and ∂++λR = 0.
We can gauge these symmetries using semichiral fields as “connections”. The action∫
d2σd4θ K(φ, φ¯, χ, χ¯, φL+χL+XL, φ¯L+ χ¯L+ X¯L, φR+ χ¯R+XR, φ¯R+χR+ X¯R) (4.54)
is invariant under the gauge transformations
δφL = ΛL , δχL = −Λ˜L , δXL = −ΛL + Λ˜L , (4.55)
δφR = ΛR , δχ¯R = −Λ˜R , δXR = −ΛR + Λ˜R , (4.56)
(as well as their complex conjugates). The parameters ΛL,R are chiral whereas the param-
eters Λ˜L,R are twisted chiral. By fixing the gauge symmetry in (4.54),
φL + χL = 0 , φR + χ¯R = 0 , (4.57)
we arrive at the action (3.40). Thus an N = (2, 2) sigma-model (3.40) on a generalized
Ka¨hler geometry can be thought of as a quotient of the sigma-model given by (4.52) defined
on a certain BiLP geometry. In the rest of the paper we will translate this statement into
geometrical terms. We refer to the target space BiLP geometry defined by (4.52) as an
auxiliary local product space (ALP space).
5 Defining the ALPs
In this Section we describe the ALPs in intrinsic geometrical terms. We are only concerned
with the local properties of ALPs here, and our speculations about the global structure
are presented in Section 7. In particular we have to understand the extra requirements
a BiLP geometry must satisfy for it to be an ALP, i.e., to have an generalized Ka¨hler
potential form in (4.52).
The generalized Ka¨hler potential in (4.52) is invariant under the action of the following
vector fields
kaL =
∂
∂φaL
−
∂
∂χaL
, ka
′
R =
∂
∂φa
′
R
−
∂
∂χ¯a
′
R
, (5.58)
as well as their complex conjugates. The invariance of K with respect to these vectors im-
plies that the metric g and H are invariant as well. Thus these vectors generate isometries.
Moreover K obeys
Kφa
L
φ¯b
L
= Kχa
L
χ¯b
L
, Kφa′
R
φ¯b
′
R
= Kχa′
R
χ¯b
′
R
; (5.59)
these relations imply that the metric g is indefinite. Thus kL and kR span two isotropic
(null) subspaces with respect to the metric g defined in (2.30). However, for the original
13
model (3.40) to make sense, we must require that
K
φa
L
φ¯b
′
R
(5.60)
is a nondegenerate matrix. Furthermore, the vectors (ΠkL,ΠkR) are linearly independent
of (kL, kR), where Π is the product structure of the BiLP geometry.
We now reformulate all these properties in a coordinate independent way. The ALP
space is locally a trivial fibration over the generalized Ka¨hler manifold M with fiber the
vector space C2ds , where 2ds = dim(coker[J
M
+ , J
M
− ]) and the complex vector fields kL and
kR span C
2ds (for clarity, we indicate quantities on the original manifold with a superscript
M). Further, the vectors kL and kR in (5.58) correspond to the left and right Kac-Moody
symmetries (4.53) of the σ-model, and, as observed in [16], satisfy
∇(+)kLA = 0 , ∇
(−)kRA′ = 0 , (5.61)
where the corresponding connections are defined in (2.3). We use the property (5.61) as
the definition of left (right) Kac-Moody isometries of the geometry.
As every kL is matched with a corresponding kR, we identify the indices A
′ ≃ A below.
From (5.61) it follows that
LkLg = 0 , LkRg = 0 , LkLH = 0 , LkRH = 0 . (5.62)
We also require that the isometries kL and kR respect the BiLP geometry; thus in addition
to (5.62) we have the conditions
LkLJ± = 0 , LkRJ± = 0 . (5.63)
Finally the conditions (5.59) become
kµLAgµνk
ν
LB = 0 , k
µ
RAgµνk
ν
RB = 0 , (5.64)
whereas kµLAgµνk
ν
RB is required to be nondegenerate.
Definition 2 We define the ALP geometry as a BiLP geometry4 with an equal number
of left and right Kac-Moody null abelian isometries (5.61) that respect the BiLP geometry
and in addition satisfy (5.64). Furthermore, we require that the product structure Π maps
the isometry directions into coker[JM+ , J
M
− ].
4Recall that a BiLP geometry is a generalized Ka¨hler geometry with the additional requirement
[J+, J−] = 0, see the discussion in sec. 2.3.
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Thus locally an ALP space has the structure M × (VL ⊕ VR) in addition to the BiLP
geometry. Here VL (VR) is an isotropic vector space with respect to the metric gALP and it
is spanned by kL (kR) which are left (right) Kac-Moody isometries. The product structure
Π maps (VL ⊕ VR) to the vectors tangential to coker[J+, J−] in M .
It is a straightforward exercise to show thatK in (4.52) satisfies this definitions. Indeed,
this motivated the definition. However, the inverse statement that any ALPK can brought
to the form (4.52) is less trivial and we collect the details of this proof in Appendix B.
Theorem 3 Locally, any generalized Ka¨hler manifold M with its geometrical data can be
thought of as a quotient of an ALP geometry by its Kac-Moody isometries.
This is consistent with dimension of the ALP and the number of isometires:
dim(ALP ) = dimM + dim(coker[J+, J−]) .
This theorem explains the nonlinearities that appear in the metric and B field when
they are expressed in terms of a generalized Ka¨hler potential. The proof of this theorem is
quite trivial at the level of sigma-model–see the previous Section. However, the geometrical
aspects of this theorem are less trivial, and the rest of the paper is devoted to clarifying
these.
6 Quotients and sigma-models
In this Section we review some old and discuss some new aspects of quotients. In particular,
we are interested in the relation between the sigma-model approach to quotients and their
geometrical interpretation. Our main goal is to explain how to perform the quotient with
respect to Kac-Moody null isometries. Everywhere we will assume that the isometries
commute.
We start by recalling some standard material on quotient metrics and sigma-models;
for more details see [8]. We need this background to contrast it with the more exotic
quotient constructions that follow. Consider a smooth manifold M and assume that a Lie
group G acts smoothly on M. If G acts freely and properly then the quotient space M/G
(i.e., the space of orbits) is a smooth manifold. There is a corresponding principal bundle
M ←− G
p
y
M/G
(6.65)
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with p being a smooth projection. If M has a metric g and G acts as isometries, then we
can define a metric g˜ on the quotient space. The corresponding nonzero vector fields kA
generated by G form a basis for a vertical subspace Vm of TmM, for m ∈M. Defining the
horizontal subspace Hm as the set of vectors orthogonal to Vm we can define the metric g˜
on the quotient as
g˜(v, w) = g(v˜, w˜) , (6.66)
where v, w ∈ Tp(m)(M/G) and their unique horizontal lift v˜, w˜ ∈ Hm ⊂ TmM. Since G
preserves the metric g, this definition of g˜ is independent of the choice of point m in the
orbit p−1(p(m)).
Alternatively, the choice of a horizontal subspaces can be described in terms of a choice
of connection on the principal bundle (6.65). The orthogonal projection from TmM to Vm
defines a one-form θ with values in a Lie algebra. In the present context the connection is
defined as
θAµ = H
ABkνBgνµ, (6.67)
where HAB is the inverse of the matrix HAB ≡ k
µ
Agµνk
ν
B. Clearly,
θAµ k
µ
B = δ
A
B. (6.68)
Using the connection form θ in local coordinates, we get the expressions for g˜
g˜µν = gµν − gµρk
ρ
Aθ
A
ν = gµν − θ
A
µ k
ρ
Agρν = gµν − θ
A
µHABθ
B
ν . (6.69)
Clearly,
kµAg˜µν = 0 . (6.70)
The above geometrical picture for the quotient metric arises naturally in the sigma-
model framework: Consider the bosonic sigma-model5 defined over M
S =
∫
d2σ ∂+X
µgµν∂−X
ν . (6.71)
Since kA are the Killing vectors for g there is a corresponding global symmetry of the
action S, given by
δXµ = εAkµA . (6.72)
By introducing the world-sheet gauge fields A we promote this global symmetry to a gauge
symmetry
Sgauge =
∫
d2σ (∂+X
µ + kµAA
A
+)gµν(∂−X
ν + kνBA
B
−) . (6.73)
5The supersymmetric N = (1, 1) sigma-models are treated in an identical fashion.
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Extremizing the action Sgauge with respect to A, we obtain a relation between the world-
sheet and target space connections
AA = −θAµ dX
ν = −X∗(θA). (6.74)
Thus the world-sheet gauge field A is just a pull-back of the connection θ by the map X .
Reinserting this form of A in the action Sgauge yields the quotient sigma-model action,
which is naturally defined over the space of orbits, M/G
S =
∫
d2σ ∂+X
µg˜µν∂−X
ν , (6.75)
where g˜ is defined in (6.69). The sigma-model derivation of the quotient metric naturally
produces the connection form θ.
We now consider more exotic quotients. In particular, we assume that M admits an
invariant metric g and an invariant two-form6, i.e.,
LkAg = 0 , LkAB = 0. (6.76)
The corresponding bosonic sigma-model on M
S =
∫
d2σ ∂+X
µEµν∂−X
ν (6.77)
with E = 1
2
(g +B) is invariant under a global symmetry (6.72). Gauging this symmetry
exactly in the same fashion as before and extremizing the gauge action we find
AA+ = −(θL)
A
µ∂+X
µ
AA− = −(θR)
A
µ∂−X
µ , (6.78)
with the target space connections are defined as
(θL)
A
µ = Eµνk
ν
BH
BA, (θR)
A
µ = H
ABkνBEνµ , (6.79)
where HAB is the inverse of HAB := kµAEµνk
ν
B. Now we have two different connection
forms θL and θR, left and right, which both satisfy
(θL)
A
µk
µ
B = δ
A
B, (θR)
A
µk
µ
B = δ
A
B. (6.80)
Plugging (6.78) into the gauged action produces the quotient E˜
E˜µν = Eµν − (θL)
A
µk
ρ
AEρν = Eµν −Eµρk
ρ
A(θR)
A
ν = Eµν − (θL)
A
µHAB(θR)
B
ν (6.81)
6This property can be relaxed and one can require that the closed three-from H = dB is invariant [9].
However, we do not discuss this general case here.
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which satisfies
kµAE˜µν = 0 , E˜µνk
ν
A = 0 (6.82)
The quotient metric and B-field are given by the symmetric and antisymmetric part of E˜,
respectively. Thus we see that the sigma-model offers a different quotient which involves
the choice of two different connections, i.e., different choice of left and right horizontal
spaces.
Finally, we discuss an even more exotic quotient involving null Kac-Moody isometries.
This is the quotient that we actually use to descend from the ALP space to the underlying
generalized Ka¨hler geometry. We derive this quotient using a sigma-model construction,
and then describe it geometrically.
Consider a manifold M that admits two sets of null abelian Kac-Moody isometries
generated by left and right vector fields kLA and kRA, respectively. Assume that these
vector fields satisfy the left and right Kac-Moody condition
∇(+)kLA = 0 , ∇
(−)kRA = 0 , (6.83)
and moreover that they are null
kµLAgµνk
ν
LA = 0 , k
µ
RAgµνk
ν
RA = 0 . (6.84)
The conditions (6.83) imply invariance of the metric as well as the conditions
kµLAHµνρ = ∂[να
LA
ρ] , k
µ
RAHµνρ = −∂[να
RA
ρ] (6.85)
with αµ = gµνk
ν .
Now consider a sigma-model on M with the standard action (6.77), which chosen to
be invariant under the Kac-Moody symmetries
δXµ = εAL(z)k
µ
LA(X) + ε
A
R(z¯)k
µ
RA(X) . (6.86)
Inspired by [9], we gauge this symmetry (promoting εL(z) → λL(z, z¯), εR(z¯)→ λR(z, z¯))
and obtain the gauged action
Sgauge =
∫
d2σ (∂+X
µ+kµRAA˜
A
+)gµν(∂−X
ν+kνLBA
B
−)−
1
2
∂+X
µ (gµν −Bµν) ∂−X
ν , (6.87)
with
δA = −dλL , δA˜ = −dλR . (6.88)
Note that only half of the gauge fields appear in the gauged action (6.87): The fields
A+, A˜− does not appear, but nevertheless the action is fully gauge invariant. The various
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terms in the action are not gauge invariant by themselves but their variations cancel (after
integration by parts). There is also a term from the variation of the first term that is linear
in gauge fields, which of course could never be cancelled by the second term. Fortunately
it is zero using the null condition (6.84).
Extremizing this action gives
A˜A+ = −(θR)
A
µ∂+X
µ
AA− = −(θL)
A
µ∂−X
µ , (6.89)
with the target space connections defined as
(θR)
A
µ = gµνk
ν
LBh
BA, (θL)
A
µ = h
ABkνRBgνµ , (6.90)
where hAB is the inverse of
hAB = k
µ
RAgµνk
ν
LB , (6.91)
and must be nondegenerate for the construction to work. The connections (6.90) satisfy
the following properties
(θL)
A
µk
µ
LB = δ
A
B, (θR)
A
µk
µ
RB = δ
A
B, (θL)
A
µk
µ
RB = 0 , (θR)
A
µk
µ
LB = 0. (6.92)
Finally the quotient sigma model gives rise to E˜
E˜µν = Eµν − Eµρk
ρ
LA(θL)
A
ν = Eµν − (θR)
A
µk
ρ
RAEρν = Eµν − (θR)
A
µhAB(θL)
B
ν . (6.93)
This gives g˜ which satisfies
kµRAg˜µν = 0 , g˜µνk
ν
LA = 0 , k
µ
LAg˜µν = 0 , g˜µνk
ν
RA = 0 (6.94)
and thus it is a well-defined tensor on the quotient. The B˜ we get from this E˜ is not zero
when contracted with any killing vector. However, when we compute H˜ from B˜ using the
identities
kµLAk
ν
LBHµνρ = 0 , k
µ
RAk
ν
RBHµνρ = 0 , k
µ
LAk
ν
RBHµνρ =
1
2
∂ρhBA , (6.95)
we get
H˜µνρ = Hµνρ − k
α
LA(θL)
A
[µHνρ]α − k
α
RA(θR)
A
[µHνρ]α + k
α
LAk
β
RB(θL)
A
[µ(θR)
B
ν Hρ]αβ , (6.96)
which obeys
H˜µνρk
ρ
LA = H˜µνρk
ρ
RA = 0 . (6.97)
This is the geometric form of the quotient that allows us to descend from the ALPs to
produce a generalized Ka¨hler manifold.
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7 Global Issues
Hitherto, we have discussed only the local geometry of the ALP space. A priori, it is not
clear if our construction makes sense globally, at least in the present form. We would like
to make a few speculative remarks about the possibility of a global interpretation.
Consider diffeomorphisms along the leaves of the Poisson structure σ that preserve our
special coordinates. In the sigma-model this corresponds to the following∫
d2σd4θ K
(
φ, φ¯, χ, χ¯, fL(XL), f¯L(X¯L), fR(XR), f¯R(X¯R)
)
, (7.98)
where fL and fR are arbitrary functions. Correspondingly, for the ALP sigma-model we
have∫
d2σd4θ K
(
φ, φ¯, χ, χ¯, fL(φL + χL), f¯L(φ¯L + χ¯L), fR(φR + χ¯R), f¯R(φ¯R + χR)
)
. (7.99)
We can study how the geometric data of the ALP transforms under such a transformation,
that is, how E = 1
2
(g +B) transforms; we find
E −→ M tEM,
where
M = diag(1, 1, 1, 1,
∂fL
∂XL
,
∂f¯L
∂X¯L
,
∂fR
∂XR
,
∂f¯R
∂X¯R
,
∂fL
∂XL
,
∂f¯L
∂X¯L
,
∂fR
∂XR
,
∂f¯R
∂X¯R
),
and we assumed that E is ordered as in (C.2). Thus we see that the diffeomorphisms along
coker[J+, J−] induce transformations of the fiber as for a vector bundle. This suggests that
ALPs can be thought of as a subbundle7 of TM such that the fibers lie along the leaves
of σ.
8 Summary
In this work we have shown that, locally, for any generalized Ka¨hler manifold there exits
an auxiliary space (ALP), M ×R2ds with a particular simple complex geometry and such
that M is a specific quotient of this auxiliary space. This explains the nonlinearities in
the metric with respect to generalized Ka¨hler potential. Our construction is based on a
simple sigma-model argument which, we hope, clarifies the nature of the semichiral fields.
On the mathematical side it would be nice to define the ALP geometry intrinsically
in geometrical terms, without any reference to a generalized Ka¨hler potential. If it is
7For this to make sense, we need to assume that the Poisson structure σ is regular.
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possible, then we will have an alternative derivation of the existence of a generalized Ka¨hler
potential. Another interesting problem is to see if the ALPs can be defined globally as a
vector bundle, at least for regular generalized Ka¨hler manifolds.
For physics the ALP construction offers the opportunity to solve some problems with-
out using semichiral fields. For example, the problem of a topological twist of N = (2, 2)
sigma-model involves many auxiliary fields with the main complication coming from
semichiral sector. The chiral and the twisted chiral sectors are relatively simple when
it comes to the topological twist. This suggests that the twist should be performed in the
ALPs and the quotient constructed afterwards.
In [10] it is shown how to construct hyperka¨hler metrics using semichiral but no
(twisted) chiral fields. These models should provide interesting applications of our lin-
earization.
Also the quotients and dualities of generalized Ka¨hler manifold can be analyzed in the
ALP picture. Any isometry of M can be lifted to an isometry of the corresponding ALP
which commutes with the Kac-Moody isometries. We plan to come back to these issues
elsewhere.
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A The general N = (2, 2) Landau-Ginzburg models
The N = (1, 1) Landau-Ginzburg model is given by the following action
S =
∫
d2σ d2θ [D+Φ
µD−Φ
νEµν(Φ) +W (Φ)],
where E = 1
2
(g +B) with H = dB and W is an arbitrary real function. This action gives
rise to the equation of motion
D+D−Φ
λ + Γ−λσν D+Φ
σD−Φ
ν −
1
2
gλν∂νW = 0.
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We now consider the restrictions on W that follow from imposing invariance under addi-
tional supersymmetry transformations of the form [3]
δ2(ǫ)Φ
µ = ǫ+D+Φ
νJµ+ν(Φ) + ǫ
−D−Φ
νJµ−ν(Φ) .
The kinetic and potential terms are invariant independently if the following conditions are
satisfied
J t±g = −gJ±, ∇
(±)J± = 0 , J
µ
+ν∂µW = ∂νW±,
where W± are some functions. We also impose the on-shell supersymmetry algebra. The
commutator of two second supersymmetry transformations is
[δ2(ǫ1), δ2(ǫ2)]Φ
µ = 2iǫ+1 ǫ
+
2 ∂++Φ
λ(Jµ+νJ
ν
+λ) + 2iǫ
−
1 ǫ
−
2 ∂=Φ
λ(Jµ−νJ
ν
−λ)
− ǫ+1 ǫ
+
2 D+Φ
λD+Φ
ρN µλρ(J+)− ǫ
−
1 ǫ
−
2 D−Φ
λD−Φ
ρN µλρ(J−)
+ (ǫ+1 ǫ
−
2 + ǫ
−
1 ǫ
+
2 )(J
µ
+νJ
ν
−λ − J
µ
−νJ
ν
+λ)(D+D−Φ
λ + Γ−λσν D+Φ
σD−Φ
ν) .
which should be
[δ2(ǫ1), δ2(ǫ2)]Φ
µ = −2iǫ+1 ǫ
+
2 ∂++Φ
µ − 2iǫ−1 ǫ
−
2 ∂=Φ
µ .
Thus we find that J± are complex structures. However using the Landau-Ginzburg equa-
tions of motion the last term in the algebra can be canceled only upon the additional
requirement that
σµν∂νW = 0,
where σ = [J+, J−]g
−1. Therefore we conclude that W should be a Casimir function8 for
the Poisson structure σ and moreover that W is the real part of a function holomorphic
with respect to both J+ and J−.
In N = (2, 2) language this implies that the only potential terms possible are
Re
∫
d2σ dθ+dθ−W(φ) + Re
∫
d2σ dθ+dθ¯−W˜(χ) ,
No potential is possible along semichiral directions, i.e., along coker[J+, J−]. Indeed, due
to the specific nature of semichiral fields, no potential term can be written for them in
N = (2, 2) language.
B ALP generalized Ka¨hler potential
In this Appendix, we show that it is possible to start from the definition of the ALP space
(see section 5) and choose a generalized Ka¨hler potential on the ALPs that is invariant
8The Casimir function of σ has vanishing Poisson bracket with any function from C∞(M).
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with respect to its Kac-Moody isometries; this guarantees that it is possible to descend to
the underlying generalized Ka¨hler geometry.
By definition, an ALP space is M × (VL ⊕ VR) with BiLP geometry, where the vector
spaces VL,R are isotropic (null) vector spaces with respect to the metric on the ALP space;
they are spanned by kL,R, the left and right commuting Kac-Moody isometries (in the sense
of (5.61)), respectively. The product structure Π of the BiLP maps the Killing vectors kL,R
to the vectors ΠkL,R that span the directions tangential to coker[J
M
+ , J
M
− ]. Because the
isometries generated by kL,R are Kac-Moody, they are complex. As the isometries respect
the BiLP data, we can choose a local coordinates adapted both to the BiLP geometry (see
subsection 2.3) and to the isometries:
kaL =
∂
∂φaL
−
∂
∂χaL
, k¯aL =
∂
∂φ¯aL
−
∂
∂χ¯aL
,
and the right isometries as
kaR =
∂
∂φa
′
R
−
∂
∂χ¯a
′
R
, k¯aR =
∂
∂φ¯a
′
R
−
∂
∂χa
′
R
.
In these coordinates, the invariance of the generalized Ka¨hler potential implies that it is
independent of φaL − χ
a
L, φ
a′
R − χ¯
a′
R , etc. However, we shall not use this explicit coordinate
dependent form.
Before we prove the main result, we explain the problem by considering the analogous
issue for holomorphic isometries of a Ka¨hler manifold. Consider a number of commuting
Killing vectors ka = ka(z)∂ + k¯a(z¯)∂¯; these generate an isometry if they preserve the
Ka¨hler potential up to the real part of holomorphic functions fa:
kaK = fa + f¯a . (B.1)
As these vectors commute, we have
0 = (kakb − kbka)K = kafb + k
af¯b − k
bfa + k
bf¯a . (B.2)
As the functions fa are holomorphic, this implies
kafb − k
bfa = icab , k
af¯b − k
bf¯a = −icab , (B.3)
where cab are real constants. These constants are an obstruction to the existence of an
invariant Ka¨hler potential–no shift of K by the real part of a holomorphic function can
eliminate all the fa’s.
We now show that no such obstruction exists for the (null) Kac-Moody isometries
of an ALP space. We first consider the left sector only; the right sector is completely
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independent, and the same argument applies to it. The condition for invariance of the
geometry implies the following condition on the generalized Ka¨hler potential:
kaLK = fa(φ, χ) + ga(φ, χ¯) + la(φ¯, χ) ; (B.4)
This equation, the analog of (B.1), follows from imposing invariance of the action (4.52)
under the symmetries (4.53); one may also deduce this directly from the condition (5.61).
Because the kaL are null and span an isotropic (null) space,
gµνk
µ
a k¯
ν
b = 0 ,
where for brevity we write ka ≡ kaL throughout the rest of this appendix. Because of the
BiLP structure of the ALP, this can be rewritten as:
[ka(Πk¯b) + (Πka)k¯b]K = 0 ,
where Π is the local product structure of the BiLP. Because the vector fields ka commute
and preserve Π, using (B.4) we find
(Πka)(f¯b + g¯b + l¯b) + (Πk¯b)(fa + ga + la) = 0 .
The dependence of fa, ga, la on the coordinates implies
(Πka)f¯b = 0 , (Πka)g¯b = −kag¯b , (Πka)l¯b = kal¯b ,
and hence we find that the null condition becomes
Re(ka l¯b − k¯agb) = 0 . (B.5)
Next we consider the condition that the Kac-Moody isometries commute; this gives
0 = (kak¯b − k¯bka)K = 2i Im(ka l¯b − k¯agb) ,
and thus we conclude that
kal¯b − k¯bga = 0 . (B.6)
In any contractible patch, this implies
ga = kaL(φ, χ¯) + g
0
a(φ) , la = kaL¯(φ¯, χ) + l
0
a(χ) . (B.7)
If we substitute this into (B.4), we see that by shifting the generalized Ka¨hler potential
K → K − (L+ L¯) ,
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we obtain a simple holomorphic transformation:
kaK = fa(φ, χ) + g
0
a(φ) + l
0
a(χ) ≡ f˜a(φ, χ) .
Now considering the commutator
0 = (kakb − kbka)K = kaf˜b − kbf˜a ;
we find
f˜a = kaΛ(φ, χ) .
Shifting the generalized Ka¨hler potential by Λ allows us to eliminate f˜a, and hence find
an invariant K. We can proceed analogously for the right Kac-Moody isometries. The
reason that we found no possible obstruction is that (B.6), in contrast to the Ka¨hler case
(B.2), has only two terms.
C The descent from the ALPs
In this appendix, we give details of the computations involved in performing the quotient
(6.93) that takes us from the ALP space down to the generalized Ka¨hler geometry. We
evaluate the general formulas of Section 6 for the special case when the B-field itself is
preserved by the Kac-Moody symmetries; in fact we have
kµLAEµν = Eµνk
ν
RA = 0 . (C.8)
We first consider the case without chiral or twisted chiral fields, that is, ker[J+, J−] = ∅
and the Poisson structure σ is nondegenerate, and hence its inverse is a symplectic form.
C.1 Maximally symplectic case
Here we concentrate on the case when the whole manifold is coker[J+, J−]. An example
of this situation is given by a hyperka¨hler manifold with J+ and J− two different non-
commuting complex structures. Thus locally any d-dimensional hyperka¨hler metric can
be thought of a quotient metric of a 2d-dimensional ALP space.
We start from the reduction of the N = (2, 2) action
K
(
XL, X¯L,XR, X¯R
)
(C.9)
to N = (1, 1) components
(
D+XL ΨL+ D+XR ΨR+
)
E


D−XL
ΨL−
D−XR
ΨR−

 (C.10)
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with the auxiliary fields remaining. E is given by the following formula
E =


0 KLL + JKLLJ JKLRJ 0
0 0 0 0
0 KRL 0 0
KRL JKRLJ KRR + JKRRJ 0

 (C.11)
Notice that there is actually no ΨL+ or ΨR− in the action (just as half the the gauge fields
dropped out in (??)).
To compare to the ALP we introduce
ΨL± = JD±ΛL , ΨR± = JD±ΛR . (C.12)
It is sometimes convenient to rearrange rows and columns accordingly(
XL XR ΛL ΛR
)
(C.13)
with the result that (C.11) becomes
E =


0 JKLRJ KLL + JKLLJ 0
0 0 KRL 0
0 0 0 0
KRL KRR + JKRRJ JKRLJ 0

 . (C.14)
Starting instead from the ALP we replace the semichiral fields by combinations of
chiral and twisted chiral fields according to
K(φL + χL, φ¯L + χ¯L, φR + χ¯R, φ¯R + χR). (C.15)
When we go to N = (1, 1) components we treat L-fields and R-fields differently in terms
of integration by parts to mimic the way the semichiral fields are treated. With R-fields
we integrate by parts with D+ and with L-fields we integrate by parts with D−. Using a
notation where the Kab, Kab′ etc. entries are suppressed and only the overall coefficients
are written, the result is a matrix with rows and columns according to(
φL φ¯L φR φ¯R χL χ¯L χR χ¯R
)
(C.16)
as 

0 2 −1 1 0 −2 1 −1
2 0 1 −1 −2 0 −1 1
1 3 0 2 1 −1 2 0
3 1 2 0 −1 1 0 2
0 2 −1 1 0 −2 1 −1
2 0 1 −1 −2 0 −1 1
−1 1 −2 0 −1 −3 0 −2
1 −1 0 −2 −3 −1 −2 0


; (C.17)
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thus the coefficient of KaLb¯L is 2, the coefficient of KaLbR is −1, etc.
To go to the form we get from the semichiral reduction we identify
XL = φL + χL, (C.18)
XR = φR + χ¯R. (C.19)
Since ΨL− = Q−XL we may identifiy
ΨL− = Q−(φL + χL) = JD−(φL − χL) (C.20)
and similarly
Ψ+R = JD+(φR − χ¯R) (C.21)
which leads to the definition
ΛL = φL − χL (C.22)
ΛR = φR − χ¯R (C.23)
Rearranging rows and columns of the matrix (C.17) above accordingly, we get

0 0 0 2 −1 1 0 0
0 0 2 0 1 −1 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 1 1 0 0 0 0
0 0 1 1 0 0 0 0
1 1 −1 1 0 2 0 0
1 1 1 −1 2 0 0 0


(C.24)
which should be compared to the ALP’s E, (C.11) with the entries evaluated.
Finally let us write the quotient formula (6.93) explicitly in these adapted coordinates.
Using obvious matrix notation we can write the isometry vectors as follows
kR =


0
0
0
1

 , kL =


0
0
1
0

 (C.25)
and the connections are
θL =
(
JsK
−1
LRJsKRL JsK
−1
LRCRR 1 0
)
, θtR =


−CLLK
−1
LRJs
KRLJsK
−1
LRJs
0
1

 , (C.26)
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which satisfy θRkR = 1 and k
t
Lθ
t
L = 1. Using E˜ = E − θ
t
R(k
t
REkL)θL we get
E˜ =


CLLK
−1
LRJsKRL JsKLRJs + CLLK
−1
LRCRR 0 0
−KRLJsK
−1
LRJsKRL −KRLJsK
−1
LRCRR 0 0
0 0 0 0
0 0 0 0

 , (C.27)
which is exactly the E in (2.18) along coker[J+, J−].
C.2 The general case
We briefly discuss the general case; because they are so long, we omit the explicit version
of some formulae.
Including tourists in the ALP (i.e., other fields φA, χA
′
which do not belong to coker[J+, J−]),
the Ka¨hler potential depends on
φA, χA
′
, φAL, φ
A′
R , χ
A
L , χ
A′
R . (C.28)
Going down to N = (1, 1) we find the metric and B-field. Remembering to treat the left
fields φL, χL and right fields φR, χR differently with respect to the partial integration we
find an E which, with rows and columns labelled according to(
φA, χA
′
, 2(φL + χL)
A, 2(φR + χ¯R)
A′, 2(φL − χL)
A, 2(φR − χ¯R)
A′
)
, (C.29)
can be written as

0 2 0 −2 0 0 −1 1 0 2 0 0
2 0 −2 0 0 0 1 −1 2 0 0 0
0 2 0 −2 0 0 −1 1 0 2 0 0
2 0 −2 0 0 0 1 −1 2 0 0 0
0 2 0 −2 0 0 −1 1 0 2 0 0
2 0 −2 0 0 0 1 −1 2 0 0 0
1 1 −1 −1 0 0 0 0 1 1 0 0
1 1 −1 −1 0 0 0 0 1 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 2 2 0 1 1 0 2 −1 1 0 0
2 0 0 2 1 1 2 0 1 −1 0 0


(C.30)
From this we read off hAB (defined in (6.91));
hAB = JKRLJ . (C.31)
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Here we use the matrix notation for the isometry vectors:
kR =


0
0
0
0
0
1


, kL =


0
0
0
0
1
0


. (C.32)
The connections are
θR =


−CcLK
−1
LRJ
−CtLK
−1
LRJ
−CLLK
−1
LRJ
KRLJK
−1
LRJ
0
1


, θL =


JK−1LRCRc
JK−1LRARt
JK−1LRJKRL
JK−1LRCRR
1
0


, (C.33)
which when combined with (6.93) gives the correct full E˜ on the quotient space (2.18).
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